The relation between BRST cohomology and the N=1 supersymmetric Yang-Mills action in 4 dimensions is discussed. In particular, it is shown that both off and on shell N=1 SYM actions are related to a lower dimensional field polynomial by solving the descent equations, which is obtained from the cohomological analysis of linearized Slavnov-Taylor operator B, in the framework of Algebraic Renormalization. Furthermore we show that off and on shell solutions differ only by a B-exact term, which is a consequence of the fact that the cohomology of both cases are same.
Introduction
Supersymmetric versions of renormalizable quantum field theories are famous for their finiteness properties due to the cancellations of ultraviolet divergencies [1] and since then these cancellations are verified by using the superfield formalism in the superspace that displays all the simplifications due to supersymmetry for various models [2] .
In the component field formalism these non-renormalization theorems are first derived in Wess-Zumino model by using the cohomological structure of supersymmetric theories, i.e. by representing the interaction terms as a multiple supervariation of a lower dimensional field monomial [3] . This analysis is extended in ref. [4] and [5] to SQED and N=1 SYM cases respectively.
When the cohomological structure of supersymmetric actions and interaction terms are studied [6] 1 , one encounters problems if one begins with supersymmetric theories without auxiliary fields i.e. the theories with on shell symmetry. For instance super Yang-Mills actions derived by using off and on shell supervariations of lower dimensional field monomials differ by equation of motion terms [6] due to the fact that supersymmetry algebra realized without auxiliary fields closes modulo equation of motion terms. Second, the supersymmetric gauge theories in component gauges (i.e. Wess-Zumino gauge) display, besides this equation of motion terms, the additional characteristic complication that the algebra is modified by field dependent gauge transformations [8] .
The above mentioned problems can be rectified by using some sort of Batalin-Vilkovisky formalism [9] that is often called algebraic renormalization [10] . To overcome the on-shell closure of the algebra some (none standart) quadratic terms in antifields of fermions are added to the action [11, 12, 13, 14] whereas the appeareance of field dependent gauge transformations are remedied by extending the BRST transformations to include supersymmetry transformations [12, 13, 14] 2 . In this letter, we study the aforementioned (BRST) cohomological structure of 4 dimensional N=1 supersymmetric Yang-Mills theory in the context of algebraic renormalization method. After a brief description of the theory and introducing the corresponding linearized Savnov-Taylor operator B in section two, in section three we study the solutions of descent equations which arise from the cohomological anlysis of B. In particular, by solving these equations for ghost number 0, we derive algebraic identities that relate the 3-dimensional gauge invariant field monomial trλλ to both off and on shell supersymmetric (extended) Yang-Mills actions.
3 Furthermore, we show that these two solutions for off and on shell supersymmetric cases differ from each other only by a B-exact term and the missing terms that are found by climbing up with on-shell supervariations in ref. [6] are restored with the help of this B-exact term. Finally, we conclude that eliminating the auxiliary fields of N=1 SYM theory does not modify the BRST cohomology, since the difference between these two solutions is B-exact. This result can be interpreted as a consequence of the theorem proven by the authors of Ref. [17] .
N=1 SYM Theory
We begin our analysis with the off-shell supersymmetric Yang-Mills theory in Wess-Zumino gauge. The action with a topological term
contains the N=1 vector multiplet (A µ , λ,λ, D) whose components transform under the adjoint representation of the gauge group. 4 The action is invariant under the following supersymmetry transformations:
where
and θ,θ are the anti-commuting supersymmetry parameters. The algebra reads
Following the standart procedure, the extended BRST generator s on the vector multiplet is defined as
where s 0 is the ordinary BRST generator and ξ,ξ are the global ghosts of SUSY that are commuting constant spinors. Therefore the action of s on the vector multiplet reads:
For s 2 to close on translations 5 Fadeev-Popov ghost field c should also transform under SUSY;
so that
The action (1) is obviously invariant under s since it has both gauge and supersymmetry invariance. The gauge freedom of the action is fixed in the usual way by adding a trivial co-cycle
with the help of the trivial pair (c, b)
The action is further extended by introducing the anti-fields, that couple to the s-transformations of the corresponding fields, in order to be able to write Slavnov-Taylor (ST) identity :
The total action is now given by,
and satisfies the following ST identity,
and ∆ ν is a classical breaking due to eq. (12),
that has no effect on the renormalization of the theory [10] . The relevant object for cohomological analysis is the linearized ST operator,
which reads
where φ denotes collectively all the fields and φ * the corresponding anti-fields. The crucial property of B I is that it satisfies the following algebraic relation that is deriven with the help of eq. (17):
The on-shell case is obtained , as usual, by eliminating the auxiliary field D with its equation of motion, that is D = 0 for pure SYM theory. The extended BRST transformations is given now bỹ
and since, for on-shell case supersymmetry algebra (5) holds only modulo equations of motion of fermions,s 2 also closes on translations modulo equation of motioñ
However, it is still possible to have a Slavnov-Taylor operator that also squares to a boundary term by adding a quadratic term in the antifields to the extended action (16) . For N=1 SYM it is found to be:
The total classical action now reads,
and as a consequence, relations (18) and (20) take the form.
S(Ĩ) = 2iξσ
νξ∆ ν (28)
for∆ ν = ∆ ν | D=0 ,P ν = P ν | D=0 . This fact is not surprising since the combination g 2 (ξλ * −ξλ * ) exactly behaves like the auxiliary field D i.e.
The Construction of the Action from the Cohomology of ST Operator
The starting point of analyzing the cohomology of the operator 6 B is to note that when its action is restricted on the space of integrated polynomials, the 6 For the following discussion, B will stand for both B I and BĨ . r.h.s. of equations (22) and (29) become a total derivative. Therefore, if one assumes that there is no boundary contribution, B becomes a nilpotent operator on this space and therefore the equation
constitutes a cohomology problem on the space of integrated local polynomials of fields and anti-fields. It is well known that the non-trivial solutions (that are not a trivial co-cycle, X = BX ′ ) with dimension four, vanishing R-charge and the ghost number 0 and 1 are directly related with the counterterms and the anomalies respectively, in the Algebraic Renormalization method [10] .
We can derive the descent equations by taking the local version of equation (32):
The (ξσ µ ) factor in front of the derivative is assumed to appear due to supersymmetry algebra. The second of descent equations is found by applying B to equation (33) and using the local verion of equations (22) and (29). It reads
where here it is crucial that X 2αβ is antisymmetric in its spinor indices. Similarly taking a further B variation of equation (34) third of descent equations is obtained as:
Descent equations terminate at this level since a rank 3 antisymmetric tensor in spinor indices is zero identically. To climb up the descent equations, it is useful to filter the the operator with respect to SUSY ghost ξ:
which leads to the algebra
We further define the operators β and Q α with respect to the following expansion of B
By using the above algebra and definitions, we see that the lowest descent equation seperates into two,
and
Note that the equation (45) indicates that the operator Q α can be used as a kind of climbing up operator. Indeed, after some algebra it is found that the solutions of descent equations (33-35) are algebraicly related to each other as
and therefore we get the following lift from the bottom to the top:
Solutions of the lowest descent equation (35) can be found by using the symmetry content of the theory. For this purpose we summarize the dimension, ghost number and the R-charges of the fields, anti-fields, ghosts and the operator B in table 1.
Since our aim is to show that the N=1 SYM action belongs to the cohomology of B we will concentrate on a gauge invariant solution X 0 that has dimension 4 with vanishing ghost number and R-charge and Grassman even. Therefore a solution X 2 of eq.(35) have dimension 3, R-charge -2 and also is invariant under β. The only field polynomial satisfying these conditions is 7 Obviously in the case of off-shell SUSY X αβ = 0 =Xαβ . tr(λλ) and the solution with desired index structure to the descent equation (35) is obtained as
for both off and on shell cases where k is a constant. The solution X 1 can be directly read from the r.h.s. of equation (35) 
and the on-shell one as
However, due to the commuting nature of ξ adding a term proportional to ξ α with correct quantum numbers and dimension to X α will not affect the l.h.s. of (35). We choose this term to be
in order to have a similar solution with X of f 1α when D and g 2 (ξλ * −ξλ * ) are interchanged:
Finally by substitituting X of f 1α andX on 1α to equation (34) we end up with the desired results for both off and on shell supersymmetric cases:
